We perform exact numeric calculations for the two-orbital Hubbard model on the four-site cluster. In the limit of large on-site coupling the model becomes equivalent to the spin S " 1 Heisenberg model. By comparing energy spectra of these two models, we quantified the range of interaction parameters for which the Heisenberg model satisfactorily reproduces the two-orbital Hubbard model. Then we examined how the spectrum evolves when we are outside of this region, focusing especially on checking of how it is modified when various ways of interatomic hoppings of electrons between different orbitals are taken into account. We finally show how these modifications affect the dependence of specific heat on temperature.
Introduction
Multi-orbital Hubbard models (MOHMs) are suitable for studying correlated electron materials with orbital degeneracies, such as transition metal compounds [1] [2] [3] . In particular, they seem to be relevant in the theoretical analysis of single molecular magnets (SMMs). However, magnetic molecules have been usually described by phenomenological spin model Hamiltonians with the dominant Heisenberg interaction term (e.g., [4, 5] ). This is because the low-energy excited states observed in these systems are often similar to the energy spectrum of the Heisenberg model. Then, attempts were made to describe these systems from the first principles using the DFT method and to determine the exchange parameters entering the Heisenberg model from the comparison of energies of various magnetic configurations [6] . The resulting energy spectrum obtained in these calculations slightly deviates from the spectrum of the simplest version of the Heisenberg model, but it can be well tuned to the spectrum of the Falicov-Kimball model [6] . Unfortunately, the calculations reported in [6] did not take into account the spin flip processes, which made the exchange integrals too large to be compatible with the experimental data.
It has been recently proposed to describe SMMs using the MOHM in the large interaction limit combined with DFT calculations [7] . In this work, the values of exchange integrals were obtained within the perturbation theory. They turned out to be several times smaller than those obtained in [6] , thus better suited to experimental data. The point is that in [7] , the DFT was not used to calculate the energies of the system with different magnetic configurations, but it was focused on determining the local Coulomb and Hund interactions and the amplitudes of inter-ionic hoppings of electrons. Then, the exchange integral was determined by putting these data into the formula obtained from the perturbation theory in the limit of large values of the local Coulomb interaction, when the MOHM reduces to the Heisenberg model. In fact, the transition from the Hubbard model to the spin model by applying the perturbation theory is a commonly used procedure in correlated electron systems not only in relation to magnetism, but also relative to other phenomena, such as superconductivity [8] [9] [10] [11] [12] [13] [14] .
Although the approach used in [7] improved the procedure of finding the integrals of the exchange, still the system was described only using the Heisenberg model. Therefore, nothing was known what exactly we could gain when instead of the Heisenberg model we examine the system using the MOHM. Indeed, the procedure applied there did not allow one to determine the range of the model parameters, beyond which the energy spectra of the MOHM and the Heisenberg model clearly differ from each other. Moreover, regardless of the orbitals between which the electrons jump from site to site, the perturbation theory always leads to the Heisenberg model, modifying only the value of the exchange constant. In other words, the perturbative theory does not distinguish whether the electron jumps between the same or between different orbitals ('hybridization').
To find out what is the advantage of the description of a SMM using the microscope model MOHM over the phenomenological description using the Heisenberg model, and in particular to see how the energy spectra of these two models differ from each other, here we analyze the four-site ring with two orbitals per site. Such a small ring was chosen to make it possible to perform exact numerical calculations efficiently and rather easily. Therefore, our analysis does not focus on a particular material, but rather on capturing a role played by various hopping amplitudes of electrons, when the system goes out of the range where the second order perturbation theory is justified. For a better illustration of our results, in this work we also present a set of curves of the specific heat versus temperature for various relationships between amplitudes of electron hoppings between different orbitals.
Two-orbital Hubbard model (TOHM)
Studies of the two-orbital case require an inclusion into the single-orbital Hubbard model of additional on-site couplings between various orbitals: the direct and exchange Coulomb interactions that ensure the fulfillment of the Hund's rule. An additional complication that arises here is the possibility of electron jumping between more than one orbital and also between different orbitals (mixing terms or 'hybridization') belonging to the neighboring sites (see figure 1) . Taking into account all these factors ensures not only an increase of the number of model parameters, but above all a significant increase of the number of states of the system, which obviously complicates diagonalization of the Hamiltonian.
The Hamiltonian H HM of the TOHM that we study in this paper is as follows:
where i and j denote nearest-neighbour sites, m, m 1 label orbitals and σ,σ label spins of electrons (σ "´σ). U, U 1 and U 2 describe the Coulomb type on-site interactions between two electrons: Uon the same orbital and U 1 (U 2 ) -on different orbitals with opposite (parallel) spins, respectively. J represents the on-site exchange coupling, but it also enters the interaction constants in the TOHM. A part of energy spectrum of the half-filled TOHM for the four-site ring in the atomic limit. The interaction parameters are U " 10 eV, J " 0.5 eV, S z " 0.
Indeed, we take U 1 " U´2J, U 2 " U´3J, which is valid for T 2g orbitals in an octahedral crystal field [15] .
The Hamiltonian (2.1) preserves the total magnetisation. Therefore, in the beginning we consider only the states with total magnetisation equal to zero, which constitutes the largest subspace. The total number of these states is 4900. It is helpful to analyse first the spectrum of the TOHM in the atomic limit, i.e., when all t mm 1 " 0 (the lowest part of the spectrum is shown in figure 2 ). We have chosen the parameters in our calculations to be U " 10 eV, J " 0.5 eV. The spectrum consists of 26 degenerate energy levels. Then, we are interested in the region of small values of the hopping constants t mm 1 , and it is understood that the overall structure of the spectrum in figure 2 is preserved, but each of the degenerate levels splits in a specific way when t mm 1 becomes non-zero. Here, we focus mainly on finding the splitting of the lowest energy level.
To obtain the exact spectrum of the model (2.1) for our small system, we use the exact diagonalization method.
Computation details
In the atomic limit, the eigenstates of the Hamiltonian (2.1) for a single site together with their representations and energies are shown in table 1. As indicated in the first column, they are also the eigenstates of the total spin S and its z component S z . The full Hilbert space base for the whole 4-site system is formed from the tensor products of the states from table 1.
For a site occupied by two electrons, the lowest energy refers to the eigenstates 1-3 from table 1. However, obviously, after one of the electrons jumps from one site to another, the first site will contain only one electron and the other one three electrons. Then, the lowest energy eigenstate for the site with one electron is one of the eigenstates 7-10 from table 1., and for the site with three electrons, it is one of the eigenstates 11-14 from table 1.
In the case of a ring with 4 sites and 2 orbitals per site, we have the total number of orbitals r " 8. Then, at half filling, i.e., when the number of electrons is equal to the namber of orbitals, the numbers of the states that are needed to diagonalize the Hamiltonian are: 12870 for the TOHM, but only 3 4 " 81 for the Heisenberg model.
Perturbation theory
In the perturbation theory, H 1 is taken as the perturbation and H 0 is the Hamiltonian for which the solution is known. Contrary to the single orbital model, in the multi-orbital case, the states with one electron per orbital and with different spin configurations have, in general, different energies even in the limit when t mm 1 " 0 for all hopping amplitudes. Then, in order to obtain an effective Hamiltonian with 33301-3 only spin degrees of freedom, we restrict our considerations to a single subspace, where all unperturbed states are degenerate. In particular, we focus on the lowest energy subspace. Here, we only provide the final result without going through the calculations. A detailed derivation of the formulae reported below can be found in [7] . The result, which is valid only for the subspace with the lowest energy, is that the effective Hamiltonian turns out to be the standard Heisenberg Hamiltonian with the effective Heisenberg constant Γ eff :
Γ eff is determined by a single effective hopping constant t eff , which in a simple way depends on an initial hopping constants t mm 1 :
The lowest part of energy spectra
We start the presentation of our results by specifying the conditions for the model parameters for which the perturbation theory is justified. Our calculations are illustrated in figure 3 where the differences between the energies of the ground states, of the first excited states and of the second excited states were determined from the exact diagonalization and by using the Heisenberg model with the effective exchange integral calculated from the perturbation theory. From figure 3 it is clear that these differences increase more steeply than linearly with an increase of the ratio t eff {pU`Jq. Interestingly, the energies of the 33301-4 ground state differ the most, almost twice less differ the energies of the first excited state and even less do the ones of the second excited state.
Obviously, the limit value of t eff {pU`Jq above which the Heisenberg model ceases to describe this system adequately, can be fixed arbitrarily. Here, we assumed that the difference between the state energies should not exceed 0.03 eV. This corresponds to t eff {pU`Jq value equal to 0.05.
Next, we present the evolution of the lowest part of the energy spectrum of the TOHM depending on the ratio t 12 {t 11 between the hopping amplitudes of electrons, while the constant value of t eff is maintained. In the case presented in figure 4 , we have chosen t eff " 0.5. When t eff is constant, then the perturbation theory gives the energy spectrum typical of the Heisenberg model, which does not depend on the ratio t 12 {t 11 (see the first column in figure 4) . However, the exact solution shows that the energy spectrum of the TOHM clearly depends on the ratio t 12 {t 11 , which is illustrated by the other columns in figure 4 . Thus, the theory of perturbation is too imprecise to distinguish the cases with different ways of electron jumping between neighboring magnetic ions. In fact, in figure 4 , we present only the energy levels with the total S z " 0. (Colour online) Comparison of the energy spectrum of the Heisenberg model with the lowest parts of the energy spectra of the TOHM for the set of the following relationships between the hopping amplitudes: t 12 {t 11 " 0, 0.2, 0.4, 0.6, 0.8, 1. Here, t 21 " t 12 , t 22 " 0, U " 10 eV and J " 0.5 eV, S z " 0. In all these cases, the same t eff " 0.5 is kept. For the Heisenberg model, the exchange constant Γ eff " 4t 2 eff {pU`Jq. The difference between the exact solution and that based on the Heisenberg model is clearly seen by comparing the energy of the second excited state depending on the ratio t 12 {t 11 for several different values of t eff , as it is shown in figure 5 . For that particular state, the difference decreases with an increasing t 12 {t 11 ratio. The same trend takes place for all t eff values, though the magnitude of the difference increases exponentially.
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It is obvious that the distribution of the lowest energy levels determines the dependence of specific heat on temperature as it is illustrated in figures 6 and 7. Figure 6 illustrates the C v pTq changes with an increase of the t 12 {t 11 ratio for the fixed value t eff " 0.5 for the TOHM, as well as C v pTq for the Heisenberg model for comparison. In turn, in figure 7 , the differences between the values of C v pTq calculated for the TOHM and the Heisenberg model with an increase of the ratio t 12 {t 11 for the same value of t eff " 0.5 are displayed. Additionally, table 2 contains numeric values of the maxima of the curves from figure 7. Based on the drawings given in figures 6 and 7, and especially in the table 2, it can be supposed that from a course of the dependency C v you can draw conclusions about the degree of hybridization expressed by the ratio t 12 {t 11 . (Colour online) The difference between specific heat of the Heisenberg model with Γ " 4t eff {pU`Jq " 0.095 eV and the different cases of the MOHM model (for all of them t eff " 0.5 eV is kept). The curves for the MOHM model differ by ratios of the hopping constants t 12 {t 11 (t 21 " t 12 , t 22 " 0), as indicated on the plot legend. The parameters of the model are: U " 10 eV, J " 0.5 eV. 
Summary and conclusions
We carried out exact numerical calculations for the four-site ring with two orbitals and two electrons per site, using the TOHM and we compared the results with those obtained for the respective Heisenberg model. On the basis of this comparison, we estimated the range of the interaction parameters, and, more specifically, the range of the t eff {pU`Jq ratio, for which the TOHM is well represented by the Heisenberg model.
However, the main achievement of our work is a demonstration that the energy spectrum of the system depends in a significant way on how an electron can jump from one site to another. Indeed, the case when an electron can only jump between the same type of orbital is different from the case when the electron can jump both between the same type and between different types of orbitals. This difference manifests itself through a modification of the energy spectrum, which evidently evolves with an increase in the degree of hybridization between different orbitals. This, in turn, brings a change, e.g., into the dependence of specific heat on temperature C v pTq. It can, therefore, be supposed that precise measurements of the specific heat would enable us to determine the degree of hybridization between different orbitals located on neighboring sites. However, to make this possible, the ratio of the effective amplitude t eff of the electron jump to the on-site interaction constant U`J should be not very small, because only in that case the TOHM is significantly different from the Heisenberg model.
